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DYNAMICS OF THIN FILMS 

IN A MAGNETIC FIELD 

V. M. Sorokin and G. V. Fedorovich UDC 534.28 

The osci l la t ions  of thin conducting f i lms placed in a magnet ic  field a r e  considered.  The effect 
of the field in different  d i rec t ions  on the effect ive e las t ic i ty  of the f i lm is desc r ibed  and d i spe r -  
sion re la t ions  a r e  obtained for longitudinal and t r a n s v e r s e  waves .  

It is well  known f r o m  the theory  of e las t ic i ty  [1] that  the p r o p e r t i e s  of s t r a in  waves in an [sotropic  m e -  
dium a r e  different  f r o m  those of waves  in thin f i lms .  For  example ,  waves which a r e  no rma l  to the plane of the 
f i lm exhibit  d i spers ion  and the phase  veloci ty  of longitudinal waves  is a l te red .  We might expect that new defor -  
mat ion modes will occur  in a conducting f i lm placed in a magnet ic  field and that the p rope r t i e s  of these  will dif-  
fer  f r o m  those of magne t ic - f i e ld  t r a n s p o r t  waves  owing to the deformat ions  in the th ree -d imens iona l  e las t ic  
conducting medium.  

Effects  r e l a t ed  to the p r e s e n c e  of an externa l  magnet ic  field should begin to appear  at much s m a l l e r  
field values  because  the c h a r a c t e r i s t i c  veloci ty  in a magnet ic  field i n c r e a s e s  as the thickness  of  the f i lm is 
reduced.  For  thin conducting f i lms it is poss ib le  by p rope r  choice of the p a r a m e t e r s  to get the magne toe las t i c  
ve loci ty  g r e a t e r  than the veloci ty  of sound; i .e . ,  the na ture  of the s t r a in  propagat ion  in the f i lm will be d e t e r -  
mined mainly  by the magnet ic  field. 

We shall  cons ider  the propagat ion of deformat ions  in a thin pe r fec t ly  conducting f i lm of thickness  d 
placed in an ex te rna l  homogeneous constant  magnet ic  field It. In o rde r  to get the equation for the deformat ion  
u, we make  use  of the equi l ibr ium equations for a thin e las t ic  f i lm [1]. We introduce a Car tes ian  s y s t e m  of 
coordinates  x, y,  z so that  the f i lm lies in the (x, y) plane and the externa l  magnet ic  field is in the (x, z) plane 
at an angle t~ to the x axis .  For  the d i sp lacement  u z we have 

[E~%Jl2(l --  ~)] A 2u. - -  P z  : 0. (1) 

For  the d i sp lacements  Ux and Uy we have 
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Ed i- r 2 ax 2 + 2 ( t+~)  oy ~ ~ 2(l--w)j~-~vj+P.~: = 0 ;  (2) 

1 '9~% 1 az% t a"%r 
Ed 1 - -  r"- dr"- + 2 (1 + T) ~x ---~ ~ 2 (t - -  ~) g~TvvJ + Pu = 0, (3) 

w h e r e  E is Yotmg ' s  m o d u l u s ,  T i s  P o i s s o n ' s  r a t i o ,  d is  t he  t h i c k n e s s  of  t he  f i l m ,  and  la is  t h e  s u r f a c e  d e n s i t y  
of  t he  f o r c e  w h i c h  i s  p r o d u c i n g  the  d e f o r m a t i o n .  The  e q u a t i o n s  fo r  t h e  o s c i l l a t i o n s  of  a conduc t ing  f i l m  in a 
m a g n e t i c  f i e l d  can  be  o b t a i n e d  f r o m  (1)-(3) if  we r e p l a c e  1 a by  

da"-u I [i •  (4) P = - - P  ~-~ + --T 

w h e r e  p is  the  v o l u m e  d e n s i t y  of  the  f i l m ,  e i s  the  v e l o c i t y  of  l igh t ,  and  i i s  the  s u r f a c e  c u r r e n t  d e n s i t y  in the  
f i l m  p r o d u c e d  by  the  d i s p l a c e m e n t  in t he  e x t e r n a l  m a g n e t i c  f i e ld .  T h e  f i r s t  t e r m  in (4) i s  the  p r o d u c t  of  the  
a c c e l e r a t i o n  d ~ / d t  2 and  the  m a s s  p d o f  uni t  s u r f a c e  of the  f i l m ,  and  the  s e c o n d  t e r m  is  t h e  s u r f a c e  d e n s i t y  of  
the  f o r c e  a c t i n g  on the  f i l m  as  the  s u r f a c e  c u r r e n t  i f lows  in t he  e x t e r n a l  m a g n e t i c  f i e ld  H. Subs t i tu t ing  (4) 
into (1)-(3),  we  ge t  

0 2 u v  ~ 02u ~ ~ ")eUx 9 Oeutl 
br;- - -  c? ~ - -  c? ~ - -  (c~ - -  c~) Ox@ ~ d  ti • H}~ = 0; (5) 

w h e r e  

O2u' l  ~' 02u't - -  C~ ~ (t2uu C 2 O"-Ux 1 
'~'t ~ c? 0v ~ ,)x~ - -  (c~ - -  : ) 'ux~ , _ _ d [ i ; < H l v  = 0; (6) 

~5-%: C2 d2 .1 
' :  ~ A:u:  [i:~H]: = 0, ~ _ 4 - - ~  (7) 

cz = I / E t p ( i  - - ~ ) ;  c: = ] /E /2p ( l  ~-r ) ;  c .  = ] / E / 3 p ( 1 -  7z). 

In o r d e r  to c l o s e  the  s y s t e m  (5)- (7) we have  to e x p r e s s  the  c u r r e n t  i in t e r m s  of  the  d e f o r m a t i o n  u .  We t h e r e -  
f o r e  c o n s i d e r  t h e  p e r t u r b a t i o n  in t he  m a g n e t i c  f i e ld  h and the  e l e c t r i c  f i e ld  E p r o d u c e d  in the  whole  of  s p a c e  b y  
the  o s c i l l a t i o n s  of  t he  conduc t i ng  f i l m  in t he  e x t e r n a l  f i e l d . *  The  f i e ld s  a r e  d e t e r m i n e d  f r o m  the  Maxwel l  
equa t i ons  in t he  r e g i o n s  z > 0 and z < 0: 

rot E == - - ( !  'c)Oh/Ot; roth = (1/c)OE/Ot; div h = 0. (8) 

In the  p l a n e  z = 0 t h e  f i e l d  equa t i ons  t r a n s f o r m  into t he  b o u n d a r y  cond i t ions  [2] 

b.,,( + t)) - -  h,,(-- 0) : :  - -  (',~/c)C: (9) 
h., .(  - -  O) ' h . , : ( - -  O )  = (~/c) i , , ;  i: - -  t). 

In  a d d i t i o n ,  t he  e l e c t r i c  f i e l d  in the  p l a n e  z = 0 c a n  b e  e x p r e s s e d  fo r  a p e r f e c t l y  conduc t ing  f i l m  in t e r m s  of  the  
d e f o r n m t i o n s  a s  

E,(x, Y, 0) . . . .  (l/c)dlu(.c, y) :: t I I  0t. (10) 

U n d e r  t h e  b o u n d a r y  cond i t i on  (10) t h e  e l e c t r i c  f i e ld  can  be  found b y  m e a n s  o f  (8) and  thus  the  m a g n e t i c  f i e ld  can  
b e  d e t e r m i n e d  above  and b e l o w  the  p l ane  z = 0. The  d i s c o n t i n u i t y  of  t he  m a g n e t i c  f i e ld  in the  p l ane  z = 0 is  r e -  
l a t e d  t h r o u g h  (9) wi th  the  q u a n t i t i e s  i and  u. 

We a s s u m e  tha t  a l l  q u a n t i t i e s  depend  on the  t i m e  t and  the  r a d i u s  v e c t o r  r in the  p l an  e (x, y) a s  

e x p { - i w t  + ik r}  so  tha t  t he  f i e l d  s a t i s f i e s  the  equa t ion  

a ,  . I  d"E'dz 2 - -  q'-'E = 0; q: - :  k ~ - -  (o-,c', Re q > 0. (11) 

The  so lu t i on  of (11) unde r  the  b o u n d a r y  cond i t ions  (10) is  

E(/,'. (,), z) =: E,,(k, 0)) exp ( - -  qz). z > 0; (12) 

E(k, o ,  z) = E0(k, (,)) exp (qz), z < 0. 

We can  get  the  e x p r e s s i o n  for  the  t a n g e n t i a i  c o m p o n e n t s  of  h f r o m  (8) b y  us ing  (12): 

hs -- (c'i('~){ik,,Eoz exp ( - -qz)  ~- qEo uexp ( - -  qz)}, 

h, =: (c,&o){--qEox exp (--qz)  - -  ifixEoz exp (--qz) ,  z > 0; (13) 

h~ -= (c/ir - -  qEo~exp(qz)}, 

b ,  : (c/i(o){qEo,~exp (qz) - -  ik..:E0_.ex p (qz)}i z < (). 

* E q u a t i o n s  (1)-(3) a r e  l i n e a r  p r o v i d e d  tha t  the  f i l m  p a r a m e t e r s  a r e  i ndependen t  of  the  d i s p l a c e m e n t ,  i . e . ,  t ha t  
the  cond i t ion  u<<X is  s a t i s f i e d .  Under  th i s  cond i t ion  the  r e l a t i o n s h i p  (4) does  not  d e s t r o y  the  l i n e a r i t y  of  Eqs .  
(1)-(3) if the  m a g n i t u d e s  of  the  p e r t u r b a t i o n s  h and E s a t i s f y  t he  i n e q u a l i t i e s  h << pdXw 2/H, E << w X H / c .  
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Subs t i tu t ing  (13) into (9) and  u s i n g  (10) we get  

i(#. u,) :: (c 2~)],'l,(/,'. (,,) i |  I. (lZi) 

In (14) we n e g l e c t  e f f ec t s  a s s o c i a t e d  wi th  the  f in i te  v e l o c i t y  of  l ight ;  i . e . ,  we put  q ~ k .  E x p r e s s i o n  (14) c l o s e s  

the  s y s t e m  (5)-(7),  wh ich  can  now be  w r i t t e n  in the  f o r m  

I -) 1,' �9 ,~ i - -  

. d ) ~I 

" d I 

t,.4 t,. , 

w h e r e  a 2 = H 2 / 4 v p .  

We consider the case a = v/2. It follows from (15) that the magnetic field has no effect here on the 

deformation Uz,and for the tangential deformation u k we get (15) 

. . . .  '~ ~) k (k..~) + ~ - -  r ~ c~k-u~ T (Q - -  T h'" u1~ = 0. (16) 

F r o m  (16) we can  ob t a in  the  d i s p e r s i o n  r e l a t i o n s  for  l ong i tud ina l  and t r a n s v e r s e  w a v e s .  In o r d e r  to do th~s we 
r e p r e s e n t  Uk as  

u~ = uz -~- ut, (17) 

and (k.  ut) = 0 s i n c e  the  t r a n s v e r s e  d e f o r m a t i o n s  do not  change  the v o l u m e  and thus  dry ut = 0 and a l so  [k • u I ] = 0, 
s i n c e  c u r l  u l = 0. Subs t i tu t ing  (17) into (16) and c a r r y i n g  out  a s c a l a r  m u l t i p l i c a t i o n  by k, we get  

Since  the  v e c t o r  p r o d u c t  of k and the  quan t i t y  in b r a c k e t s  is  equa l  to z e r o ,  it  fo l lows  tha t  the e x p r e s s i o n  in the  
b r a c k e t s  i t s e l f  is  equa l  to z e r o  and we thus  ge t  the  r e l a t i o n s h i p  for  t he  l ong i t ud ina l  w a v e s .  A s i m i l a r  r e I a t i o n -  
s h i p  is  o b t a i n e d  for  t r a n s v e r s e  w a v e s  wi th  c 1 r e p l a c e d  by  ct.  Thus  the  equa t ions  fo r  the  two t y p e s  of  wave  
s e p a r a t e ,  a n d t h e  d i s p e r s i o n  r e l a t i o n s  can  be w r i t t e n  

2 a  ~ 

It  can  be  s e e n  f r o m  (18) tha t  when a =0 ,  c l and c r a t e  the  p h a s e  v e l o c i t i e s  of  the  l ong i tud ina l  and t r a n s v e r s e  
w a v e s ,  r e s p e c t i v e l y .  The  i n c l u s i o n  of  a mag]~efic f i e ld  p r o d u c e s  d ~ s p e r s i o n  and the  w a v e s  p r o p a g a t e  wi th  g roup  
v e l o c i t i e s  U = a w / O k ,  w h i c h  can  be  found f r o m  (18) to be  

o 
C~,t X T -7" ( /2  k 

U ~ , t  = .~- , , - - .  ~---:--, • = k d .  (19) 

F o r  s t r o n g  m a g n e t i c  f i e l d s  (a >> c~,t I ~  we ge t  f r o m  (19) tha t  U, = a / 1 / f •  ; i . e . ,  the  v e l o c i t y  i n c r e a s e s  a s  ~4 is  
r e d u c e d .  Th is  i n c r e a s e  in v e l o c i t y  can  be e x p l a i n e d  b y  the  fac t  tha t  as  ~ is  r e d u c e d ,  the  t h i c k n e s s  of the  f i l m  
and h e n c e  the  m a s s  p e r  unit  a r e a  d e c r e a s e s ,  and for  a f ixed  s u r f a c e  d e n s i t y  of  f o r c e  th is  l e a d s  to an i n c r e a s e  
in the  v e l o c i t y  of  m o t i o n  of uni t  s u r f a c e  a r e a .  

We now c o n s i d e r  the  c a s e  a = 0. The  s y s t e m  (15) b e c o m e s  

2 1 2  2 ~ ~ ') { -  co ~- + ~,..-.,. + ~,~,:,I ~,.,. + ( ~  - ~ )  ~-.~,~,:, = o; 

( ~  - ~ )  ~.~,.,,,,. . . . .  + { -  o;~ - .  4~,.~ + 4/,~-~,- 2,r- T f  ~" ~ ",' : o; (~o~ 

_ (oe _L C" '~'* . -.Z- -[- 2a~ + }  ,,~ -- (}. 

I t  can  be  s e e n  f r o m  (20) tha t  the  wave  u z p r o p a g a t e s  i n d e p e n d e n t l y  of  u k and i t s  d i s p e r s i o n  r e l a t i o n  is 

o) = ] / c  a / 4 .  k ~ + 2aO'td. k .  
i 

The  g r o u p  v e l o c i t y  is  g iven  by  the  e x p r e s s i o n  

c2 z 3  - F  2 a  2 k 

C A  - = 2- 
V C • -~_ 8a.O• k " 

-k 

(21) 

441 



For  s t r o n g  m a g n e t i c  f ie lds  we get  f r o m  (21). 

U •  = ( a / V ~ u ) . k / k  = U H .  

A c c o r d i n g  to (21), the  quant i ty  U• as  a funct ion of  n has a m i n i m u m  at the point  " V t o = O . 8 ( a / c . s  , and JU(• : 
0 '  3 t / 3  

0,92a-' c• . When n>>n0, U . ~ c •  It  has to be r e m e m b e r e d  tha t  all  t hese  equat ions  a r e  val id  for  ~t<<l, s ince  
it is a s s u m e d  tha t  d<<~t. 

whence  

F r o m  (20) we have the  d i s p e r s i o n  r e l a t i o n  for  I I  k 

] 
F o r  s t r o n g  m a g n e t i c  f ie lds  (a >> cy -~ -  ) the  f r e q u e n c y  depends  on k in the  fol lowing way:  

- - -  o o .~ ~ [ / - 7  . = l / c r k ;  + c~.~.  r =- a ~ / - 7  ~ . ~  , (o., 

The g roup  ve loc i ty  c o r r e s p o n d i n g  to the f r e q u e n c y  w 1 is 

u , ~  = h/ . .~d  - 7 + + 4k~ 
a 4ak" "-F ~ " 

The g roup  ve loc i t y  a long the wave  vec to r  k depends on the angle  ~0 = a r c t a n  k y / k  x as  

( k ) /  3 c~ cos z (p -}- c~" sin e rp 
U J U n  = U l ' ~ -  U n  = l 4 a~ • cl > e t .  

We can find the dependence  of  the t r a n s v e r s e  g roup  ve loc i ty  U t on the  angle ~ f r o m  the condi t ion U~ = U 2 - U ~ .  
Subst i tut ing the  va lues  of  U and U l fo r  Ut we get  

9 O 

U~ c F -- c~ sin (p. cos q~. V --~- 

Thus  the g roup  ve loc i t y  co inc ides  with the d i r ec t i on  of  p ropaga t ion  of  the wave  only when this  p r o p a g a -  
t ion  is a long the  m a g n e t i c  f ield o r  t r a n s v e r s e  to it. Fo r  o the r  angles  r the d i r ec t ion  of  U 1 does not coincide  
with tha t  o f  k .  

It should  be noted that  in the p r e s e n t  c a s e  t h e r e  is an ex t r a  wave  mode ,  which sa t i s f i e s  the d i s p e r s i o n  
= . c~ ~ r e l a t i o n s h i p  (% Vc'~k~ 4-  7 [~ and is independent  o f  the  magne t i c  f ield,  but  this  only o c c u r s  in s t r o n g  f ields (in 

the  s ense  in which  this  t e r m  was  used  above).  The componen t s  of  the g roup  ve loc i ty  a r e  

c~ cos ~ c~ sin 

v_~ V c ~ o s : ~ + 4 ~ n ~  ~ V~ V ~  ' c i" cos z q) + c 2 sin~ 

The longi tudinal  g roup  ve loc i ty  U2/ and the t r a n s v e r s e  ve loc i ty  U2t a r e  as  fo l lows:  

V2, = V c2 cos2 r + c~ sin'  ~ ; U2t = c 2 -  c~ sin r qD. 

For  a plane wave  a long x we have f r o m  (20) 

/-0,,+ ( )) crkx )  Ux = 0 ; - -  o) "2 + c~k7r + 2a  "~ u u = O. 

Thus a longi tudinal  wave  p ropaga t ing  a long the magne t i c  f ield has the  phase  ve loc i ty  e l and the f ield 
has no effect  on this  wave.  In the t r a n s v e r s e  wave  p ropaga t ing  along H the magne t i c  field p roduces  d i s p e r s i o n  
and the  g roup  ve loc i ty  U t = (c~• § a~)/V..c~• 4-  2a2• F o r  a plane wave  p ropaga t ing  a long the y axis  p e r p e n d i c u -  
l a r  to H we get f r o m  (20) tha t  

(-~o" + c ~  + 2a" . ~  = O; (--~o~ + c~k~) ~ = O. 
x 
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Here the longitudinal wave Uy has a d ispers ion s imi la r  to that of the t~ansverse  wave in ~he previous case with 
c t rep laced  by c[ ,  and the t r ansve r se  wave Ux propagates  with a phase velocity c t. 

If the field H is large and the angles are close to v / 4 ,  we get f rom (15) that 

- -  2a'-(k/d) sina.cos au~ + ( - -  ~)" + 2a2(k/d) cos'-'a) u z = 0; 

( -- to ~ + 2a~(k/d)sin '- a)ux - -  2a2(k/d)sina �9 cos~. u z : O; 

( - -  ~;z + 2a~k/d)% == O. 

The wave Uy propagates  independently with agroup veloci ty ( a / V 2 - ~ . k / k ) .  Th e dispers ion relationship for  the waves 
Ux, Uz 

o) 2 = 2aek/d 

leads to a group velocity a / ~ Z z . k / k .  Thus all three deformations propagate  along the vector  k with an identical 
velocity U H independently of the angle of inclination a .  

We now give some numer ica l  calculations.  The Alfv6n velocity is comparable  with the velocity of sound 
in an elast ic  medium when H* ~ V E  (for steel E = 2 . 1 0  6 k g / c m  2, when H* ~ 10 6 De). For  a thin film H*- -  
!V-Ed/~,, where 3. is the wavelength~ i.e.,  when d<<~the magnetic field begins to affect the deformation at mueh 
smal le r  values of H. Moreover ,  a conducting layer  can be deposited on films of mater ia ls  with small  values of 
Young's modulus (for example,  rubber ,  polyethylene,  andso on), and for these the effects will begin to occur at 
magnetic fields of the o rde r  of a few oers teds .  
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SCATTERING AND VELOCITY DISPERSION 

OF ULTRASONIC WAVES 

IN POLYCRYSTALS OF ORTHORHOMBIC 

SYMMETRY 

A. A. Usov, A. G. Fokin, 
and T. D. Shermergor 

UDC 534.22 

The sca t te r ing  coefficients and the velocity of propagation of longitudinal and t r ansve r se  u l t ra -  
sonic waves in polycrys ta ls  of or thorhombie  and higher s y m m e t r y  are  computed by the method 
of renormal iza t ion  of the equations of motion. The formulas thus obtained are  compared with 
the known asymptot ic  expressions for long and short  waves. A numer ica l  computation car r ied  
out for aluminum shows that for qa ~,1 (q is the wave number;  a is the corre la t ion  scale) the 
power index determining the frequency dependence of the sca t te r ing  coefficient decreases  mono- 
tonically f rom 4 to 2 for the t r ansve r se  waves,  while for the longitudinal waves this dependence 
is nonmonotonic, i.e., the power tndex dec reases  f rom 4 to 1, after which it increases  again to 
2. In the Rayleigh region (ql a < 1) the sca t te r ing  coefficient of the longitudinal waves increases  
with a power index smal le r  than 4. 

A large number of studies has been devoted~to the scat ter ing of ul t rasonic waves at the inhomogeneity 
grains of c rys ta l s ;  a review of these studies is given in [i]. The complexity of the computation leads to the r e -  
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